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ABSTRACT
Schwarzschild external solution of Einstein’s gravitational field equations in general theory of relativity for a static
star has been generalised by Vaidya [1], taking into account the radiation of the star. Here, we generalise Vaidya’s
metric to a star which is rotating and radiating. Although, there is famous Kerr solution [2] for a rotating star, but
here is a simple solution for a rotating star which may be termed as zero approximate version of Kerr solution. Results
are discussed.
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INTRODUCTION ds? = —dx? — dy? — dz? + dt? (2)

Schwarzschild’s external solution deals with the
gravitational field of a cold dark body whose mass is
constant. The application of this solution to describe
the Sun’s gravitational field should only be regarded as
approximate. Vaidya [ 1], generalized Schwarzschild’s

Where ¢ = 1. We transform it to a rotating coordinate
system with the transformation equations

x = x'Cosf — y'Sin6

static solution for radiating star. However, this is also y =x'Sinf +y'Cosb ,
not fully generalized solution for a radiating star as the ' , 0
S . . z=z, t=t', w=-—
star rotates while it is radiating. Here, we generalized t
Vaidya’s metric for a radiating star to rotating star. 3)
Results are discussed. that is, 8 = wt and w is a constant angular velocity

of a star or any celestial body which is, of course, less
SCHWARZSCHILD-LIKE SOLUTION FOR A than its critical rotational velocity.
ROTATING STAR We have

The line element in Cartesian four-dimensional free ds? = —dx'® — dy’z — dz"?+ [1 — w?r?]dt?
space with time as its fourth dimension is given by
+ 2wt(x'dy’ — y'dx")
ds? = —dx? — dy? — dz? + c?dt? (1) @)
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Dropping the suffixes, we have - 0 0 0
ij 0 ! 0 0
ds? = —dx? — dy? — dz? + [1 — w?r?]dt? l97] r’
0 0 [1 ®’r sin 0] »
+ 2wt (xdy — ydx) 2 sin® @
(5) 0 0 we” e’
Transforming this into spherical polar coordinates an
X = rSinfcos — rsindsin 7 = rcosO Sixty-four Christoffel Symbols of the Second kind are
B ey (p, given by the formula
(6)

We have

ds? = —dr? —r2d6? — r?sin?6d¢?
+ 2wr?sin®0de dt

+[1 — r?w?sin?6]dt?

(7

In the presence of matter, the metric Eq (7), takes the
form

ds? = —etdr? — r?d0? — r?sin?0dgp>
+ 2wr?sin?6 do dt
+e"[1 — r2w?sin?6)dt?

Where
= A(r) and v = v(r) (8)

Sixteen components of covariant metric tensor [gl- j]
are given by

-t 0 0 0
2
[gij] = 0 -r 0 0
0 0 —r’sin*@ or’sin”* @
0 0 owr’sin®@ e [1 — 7w’ sin’ @
)
The determinant g = | Ji j| is given by
g = —e*Vrtsin?e (10)

and, therefore, sixteen components of contravariant
metric tensors [g¥/] are given by

_ 1 a9 +aglk_agjk
Jk— 2 oxk  axJj  ox!

(12)

Out of these 64 Christoffel Symbols of the Second
kind, the following 21 are non-vanishing and the rest of
them are vanishing.

!

iy = > I = —er, T}, =rwe*sin?6
1 I

S 2 v-1V
[ = —re~*sin?6, [ =€ "5 2sin?0
It = 1/r, I'Z, = —siné cosh
I'2, = wsinB cosd, T2, = —w?sinBcosb

1 w v

== TIf=-—+—

BTy 14 T 2

i

[ =cotd, T3 = —wcoth, Tfh="/,

(13)

Here dash (') denotes the differentiation ®. r. t. r.
Einstein’s gravitational field equations in free space are
given by

Where

Gy = o9 5T

- ¥ M [log\/—g] + T/iT'k;
(15)

Eqns. (14) are sixteen equations out of which five are
identically not equal to zero, rest of eleven are
identically equal to zero. These five eqns. are the
following,

G = ———F—-=4+-=0 (16a)
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Gy, = e H|1 M’+W’ 1=0
= e —_t—]-1=
22 5 5
(16b)
rd v’
Gaz = sin®0|e™1——+——1|=
o)
(16¢)
or
c 2y rd v’ 1
= |e ——t—1—1| =
o= v VIZ vy o
“Tl4 4 2 B
(16d)
or
v V’Z v V'
- v-A|l-- - " |=
Gaa = e [4 4 2 ] 0
— 2 -2 A v _
G34 = —wsin G[e {1— +7}—1]—
(16e)
or

Gay = |e7? 1—r—/1’+r—vl -1|=
2 2

In Eqns. (16e), the angular velocity o appears, showing
the rotation of the star. Eqn. (16e) does not appear in
Static Schwarzschild equations. This is additional
equation due to rotation of the star. Solving these
equations, we get

ds? = — [1 _2m+ (o)} +r(1/“’)}]_1 dr? — 12d6?

—r2sin%0 d¢p? + 2wr?sin?0dpdt

i1 - rrarsinte [12{"1+_(1/w>}]}d

(17)

Note that m and (1 /w) both have dimensions of
length.

1_2{”‘+—(1/w)} =0 (18)

represents the singularity of the solution.
Here r = 2(m+1/w) represents event horizon
distance. It is interesting to note that, here, we get a

solution for empty universe, when we take m = 0. In
this case the solution is

%o
r
+ 2wr?sin?6 d¢ dt

-1
ds? = — [1 — ] dr? —r2d6? — r?sin?0d¢p?

dt?
(19)

-

+[1 - r?2w?sin?6] [1 —

This solution has singularity at a distance given by r =
(2/w). This shows that the angular velocity, that is, the
rotation of the star changes the gravitational field. It
increases the gravitational field in more amount in anti-
clockwise direction, that is, when w > 0; as o is small,
rotation’s interaction time with space is large, and it
increases but in small amount if ® is large, as rotation’s
interaction time with space is short, and opposite is true
when w < 0.

Rotation of a star affects the shape and structure of the
star, depending upon the value of . ® is always less
than the critical rotational velocity. If we take value of
® more than star’s critical rotational velocity, star
breaks down into pieces. o of a star has its own critical
velocity w, as its upper bound. Work presented here
may be termed as zero approximate version of Kerr
solution [2].

ENERGY TENSOR FOR A DIRECTED FLOW
OF RADIATION

Following Vaidya [3-5], Narlikar [6, 7], [8], [9] [4] by
the term “directed flow of radiation” it is meant a
distribution of electro-magnetic energy such that a
local observer at any point of the region of space under
consideration finds one and only one direction in which
the radiant energy is flowing at the point. Using the
natural co-ordinates at that point of interest, we may
take the components of energy tensor as being given in

terms of electric and magnetic field strengths E and B
by the typical example given by [10].

1
To'=—2(EZ —Ej —EZ + Hf —Hj —HZ) (20.a)
Tg* = —(ExEy + HyH,) (20.b)
To* = (EyH, — E,H,) (20.c)

Tg* = —~(EZ + E2 + E? + HZ + HZ + HZ) (20.d)
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The suffix 0 to a component of a tensor indicates that
the component is evaluated in natural coordinates at the
point of interest. Considering for simplicity that the
axes of our natural coordinates are oriented in such a
way that the flow of radiation at the point of interest is
in the X-direction and further that the radiation is
polarized with the electric vector parallel to the Y-
direction. Therefore, we have,

E,=E,=H,=H,=0 and E, =H,
(21)

Therefore, the only surviving components of the tensor
Ty would be,

1
Toll — T61-4 — T014 — E(EJ% ' E}%) =p

p being the density of the radiant energy at the point.
Having obtained the components of TOW for one system
of coordinates, we can find them in every other system
by the rules of tensor transformation. For a general
coordinate system with a line element

ds? = g,,dx"dx? (23)
The Components of Tow will be given by

_0x" 0x¥ ap

T (24)

Using (22), these yields,

B ox" dx¥ adx* axV ox* oxV

™ = |- = - —
dx§ 0x}  Oxg dxg Oxs dxg

ox* axV
oxf ox5|”
(25)
As the radiant energy travels along null-geodesics
dx} = dxt = do (26)
By (25) and (26), along with radiation flow, we find
Gy dxt dx¥ =0 27
We use (26) in

dx"  0x" dxg

dr ox§ dr

and find,

dx* _ oxt | ox¥
dr — axl " ox¢

(28)

With the help of (28), (25) reduces to

T = pI & (30)

with
dx* dxV
9uv gz ar = (1)

Thus, for the case of the outside field of radiating star
the energy tensor is to be taken of the form

TV = pv*vY (32)
With
yv' = ;o (W)Y =0 (33)
THE FIELD EQUATIONS

A star of mass M and radius r, rotating with a constant
angular velocity ®, which is less than its critical
velocity, is supposed to start radiating at time t,. As the
star continues to radiate the zone of radiation increases
in thickness, its outer surface at a later instant t; being
r=r. For 1 <r<mn, t,<t<t;. We are
considering the following metric,

ds? = —etdr? — r?d6? — r?sin?0d¢?
+ 2wr?sin?0 d¢ dt + e¥dt?

(33)
Where

and

(33b)

Here, we have A = A(r,t) and v = v(r,t). For the
nature of radiation, Vaidya has found the energy
Tensor T is of the form
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"W = pv*vY (34) N4 v': v v X
: : - . 2T T T2
so that p is the density of radiation and the lines of flow
are null-geodesic iz Ay
teV|ot———|=
yv'=0 ; @Hv'=0 (35) 2 4 4
Since (T""),, = 0, we have the analogue of the equation (45)

of continuity
(pv"), =0 (36)
As the flow is to be radial, v2 = 0,v3 = 0 and
T{ = pvv', T = puvt,

Td= pyv*, TZ=T3=0

(37)

Because A= A(r,t) and v =v(r,t) here, the
additional I"’s, other than (13), are

A wA
[;l]‘-l- = E ) , I-vl?:)l_ = 7,1
3 v .V
rw-73"  fa73
(38)
Also v, v = 0 simplifies to
-e*whH? +ev(wh)? =0 (39)

With the usual expression for the components of T"”
in terms of g,,,, and their derivatives, (37) gives the
following three equations

(0] .
v
Tie 24 TE=0 (40)
or
(M 1 1, A -,
e (7—r—2)+r—2+;€ 2=0 (41)
(i)
TL+TE=0 (42)
or
(A vo2y, 2
e (T-mp)m=0 (43)
(i)
T? =0 (44)

or

Here dash ( © ) denotes the differentiation with respect
to r and dot (.) that with respect to time. If the total
energy is to be conserved, the line-element obtained by
solving above mentioned equations must reduce to the
line element of the rotating star with mass M given by,

2(M+%)

ds? =—|1— dr? —r?do?

r

— r25in?0d¢p? + 2wr?sin?0 d¢ dt

()

+{[1 —1r%w?sin?6 1|1 - dt?

T
(46)
Where M is the constant mass of the star which does

not depend eitheronrortatr = ry,t = t, and for
r = Tl att = tl'

THE SOLUTION OF FIELD EQUATIONS

On putting
1
e"1=[1 - —Z(m:w)] @7)
or
2m
6’_/’l = [1 — 7
where
i =(m + =) (48)

As w (the angular velocity is constant)
m= m and m =m' (49)

In the field of equation (41), we find that it is equivalent
to

3/, 0m _ v, 9m _
e 2———e Zat—O (50)
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Using the operator

4- 19,49
dr — v 6r+v at (5
Which may be expressed as
dm
— =0 (52)

From (51), we can express e’/2 in terms of M

1

Vi [y_2m) s

=2 [1 . (53)
Now we can take the second field equation (43). On
substitution, the values of 1 and v from (48) and (50),

we find that

(E-2)(1-m) =22 (54)

m m

One can verify that the first integral of the above
equation is

m'(1-27) = f(m) (55)

f(m) being an arbitrary function of m. Taking (45),
we shall show that when A and v are given by (48),
(53), together with (55) the equation (44) is
automatically satisfied.

The following is an identity holding between the
components of the tensor T,

9] 0 v’ 2
E(Tll)‘*'a(Tf)—?(Tf—Tf)‘l'; (T{ = T3)

LAV
+T1 2 =0

With the help of this identity and two other equations
(40) and (42), the equation (44) can be transformed into

(56)

%(rze‘le) =0 (57)

Thus, the third field equation is satisfied. i.e : T# = 0,
provided (57) is satisfied i.e. provided

(- )= 5

i.e provided %= 0, when we use (51). And the last
relation is already proved as (52) above. Hence, we

have solved all the field equations and the final line
element describing the radiation envelope of a star is

-1
2(m+%)
ds? =—|1 E— dr? —r?de?

—r2sin?0dp? + 2wr?sin?0 d¢ dt

1
m2 2(m+—
+[1 — r?w?sin?0] — 1—(—(*)) dt?
f? r
With m’
1
2\lm+— 1
1- ( co) =f{m+—}
T w

(39)

m=m(r,t). Forrg <r<r,tg<t<t;.
The surviving components of the energy tensor are,

! [2

i e T1=_m
D70 T qmrz Y T 42 T Y T 42
(60)

With (60), we can even write the line element as
fm+ (Yol
ds? = —|[1- 27 dr? —r2de?
—1r25in?0d¢? + 2wr?sin?dpdt
[1—1r?w?sin?0]m

oot el

r

h? [1 — 2_{’” +r1/w_}] dt?

(61)

—r2sin?0d¢? + 2wr?sin?d¢dt

-2 1 -1
+[1 — rzwzsinZH] % [1 _ ZM] dtz

(62)
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1 - 1\
m+ =
= - 1—2M dr? —r?dg? 1-|q 2(m+co)
T e =11- -
—125in?0d¢? + 2wr?sin?0dpdt (67)

2

m
+[1 - rlw?sin®6] —5 etdt?
m
(63)
where
fm+ M)l
et=|1-2—>"22
r
(64)
or that,
ds? = —etdr? — r2d6? — r?sin?0d¢?
+ 2wr?sin?0d¢dt
.2
m
+ [1 — r?w?sin?0] (—,> etdt?
m
(66)
where
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