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ABSTRACT 

Schwarzschild external solution of Einstein’s gravitational field equations in general theory of relativity for a static 

star has been generalised by Vaidya [1], taking into account the radiation of the star. Here, we generalise Vaidya’s 

metric to a star which is rotating and radiating. Although, there is famous Kerr solution [2] for a rotating star, but 

here is a simple solution for a rotating star which may be termed as zero approximate version of Kerr solution. Results 

are discussed. 
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INTRODUCTION 

Schwarzschild’s external solution deals with the 

gravitational field of a cold dark body whose mass is 

constant. The application of this solution to describe 

the Sun’s gravitational field should only be regarded as 

approximate. Vaidya [1], generalized Schwarzschild’s 

static solution for radiating star. However, this is also 

not fully generalized solution for a radiating star as the 

star rotates while it is radiating. Here, we generalized 

Vaidya’s metric for a radiating star to rotating star. 

Results are discussed. 

 
SCHWARZSCHILD-LIKE SOLUTION FOR A 

ROTATING STAR 

The line element in Cartesian four-dimensional free 

space with time as its fourth dimension is given by 

 

𝑑𝑠2 = −𝑑𝑥2 − 𝑑𝑦2 − 𝑑𝑧2 + 𝑐2𝑑𝑡2   (1) 

𝑑𝑠2 = −𝑑𝑥2 − 𝑑𝑦2 − 𝑑𝑧2 + 𝑑𝑡2    (2) 

Where c = 1. We transform it to a rotating coordinate 

system with the transformation equations 

 

𝑥 =  𝑥′𝐶𝑜𝑠𝜃 − 𝑦′𝑆𝑖𝑛𝜃  

𝑦 = 𝑥′𝑆𝑖𝑛𝜃 + 𝑦′𝐶𝑜𝑠𝜃 , 

𝑧 = 𝑧′,    𝑡 = 𝑡′ ,    𝜔 =
𝜃

𝑡
 

(3) 

that is, 𝜃 =   𝜔𝑡  and 𝜔 is a constant angular velocity 

of a star or any celestial body which is, of course, less 

than its critical rotational velocity.  

We have 
 

𝑑𝑠2 = −𝑑𝑥′
2
− 𝑑𝑦′

2
− 𝑑𝑧′

2
+ [1 − 𝜔2𝑟2]𝑑𝑡2

+ 2𝜔𝑡(𝑥′𝑑𝑦′ − 𝑦′𝑑𝑥′) 

(4) 
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Dropping the suffixes, we have 

 

𝑑𝑠2 = −𝑑𝑥2 − 𝑑𝑦2 − 𝑑𝑧2 + [1 − 𝜔2𝑟2]𝑑𝑡2

+ 2𝜔𝑡(𝑥𝑑𝑦 − 𝑦𝑑𝑥) 

(5) 

Transforming this into spherical polar coordinates 

 

𝑥 = 𝑟𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜑,      𝑦 = 𝑟𝑠𝑖𝑛𝜃𝑠𝑖𝑛𝜑,       𝑧 = 𝑟𝑐𝑜𝑠𝜃 

 

(6) 

We have  

 

𝑑𝑠2 = −𝑑𝑟2 − 𝑟2𝑑𝜃2 − 𝑟2𝑠𝑖𝑛2𝜃𝑑𝜑2

+ 2𝜔𝑟2𝑠𝑖𝑛2𝜃𝑑𝜑 𝑑𝑡 

+[1 − 𝑟2𝜔2𝑠𝑖𝑛2𝜃]𝑑𝑡2 

 

(7) 

 

In the presence of matter, the metric Eq (7), takes the 

form 

 

𝑑𝑠2 = −𝑒𝜆𝑑𝑟2 − 𝑟2𝑑𝜃2 − 𝑟2𝑠𝑖𝑛2𝜃𝑑𝜑2

+ 2𝜔𝑟2𝑠𝑖𝑛2𝜃 𝑑𝜑 𝑑𝑡 

+𝑒𝜈[1 − 𝑟2𝜔2𝑠𝑖𝑛2𝜃]𝑑𝑡2 

Where 

 

𝜆 =  𝜆 (𝑟)   and    𝜈 =  𝜈(𝑟)    (8) 

 

Sixteen components of covariant metric tensor  [𝑔𝑖𝑗] 

are given by 

 

 

[𝑔𝑖𝑗] =
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The determinant  𝑔 = |𝑔𝑖𝑗| is given by 

 

𝑔 = −𝑒𝜆+𝜈𝑟4𝑠𝑖𝑛2𝜃    (10) 

 

and, therefore, sixteen components of contravariant 

metric tensors [𝑔𝑖𝑗] are given by  

[𝑔𝑖𝑗] =  
 
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   (11) 

 

Sixty-four Christoffel Symbols of the Second kind are 

given by the formula 

 

Γ𝑗𝑘
𝑖 = 

1

2
𝑔𝑖𝑙 [

𝜕𝑙𝑗

𝜕𝑥𝑘
+
𝜕𝑔𝑙𝑘
𝜕𝑥𝑗

−
𝜕𝑔𝑗𝑘

𝜕𝑥𝑙
] 

(12) 

 

Out of these 64 Christoffel Symbols of the Second 

kind, the following 21 are non-vanishing and the rest of 

them are vanishing. 

 

Γ11
1 = 

𝜆′

2
,       Γ22

1 = −𝑒−𝜆𝑟,      Γ34
1 = 𝑟𝜔𝑒−𝜆𝑠𝑖𝑛2𝜃 

Γ33
1 = −𝑟𝑒−𝜆𝑠𝑖𝑛2𝜃,

       
Γ 44

1
= 𝑒𝜈−𝜆

𝜈′

2
− 𝑟𝜔2𝑠𝑖𝑛2𝜃 

Γ12
2 = 1 𝑟⁄ ,        Γ33

2 = −𝑠𝑖𝑛𝜃 𝑐𝑜𝑠𝜃  

Γ34
2 = 𝜔𝑠𝑖𝑛𝜃 𝑐𝑜𝑠𝜃 ,        Γ44

2 = −𝜔2𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃 

Γ13
3 = 

1

𝑟
, Γ14

3 = − 
𝜔

𝑟
+
𝜔𝜈′

2
 

Γ23
3 = 𝑐𝑜𝑡𝜃 ,      Γ24

3 = −𝜔𝑐𝑜𝑡𝜃 ,     Γ14
4 = 𝜈

′

2⁄  

(13) 

 

Here dash (′) denotes the differentiation ω. r. t. r. 

Einstein’s gravitational field equations in free space are 

given by 

 

𝐺𝑖𝑗 = 0       (14) 

Where 

 

𝐺𝑖𝑗  ≡  
𝜕2

𝑑𝑥𝑖𝜕𝑥𝑗
[𝑙𝑜𝑔√−𝑔 ] −

𝜕

𝜕𝑥𝑘
Γ𝑘

− Γ𝑖𝑗
𝑘 𝜕

𝑑𝑥𝑘
[𝑙𝑜𝑔√−𝑔] + Γ𝑗𝑙

𝑘Γ𝑙𝑘𝑖 

(15) 

 

Eqns. (14) are sixteen equations out of which five are 

identically not equal to zero, rest of eleven are 

identically equal to zero. These five eqns. are the 

following, 

 

𝐺11 ≡ 
𝜈′′

2
−
𝜆′𝜈′

4
−
𝜆′

𝑟
+
𝜈′
2

4
=  0    (16a) 
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𝐺22 ≡ 𝑒
−𝜆 [1 −

𝑟𝜆′

2
+
𝑟𝜈′

2
] − 1 = 0 

(16b) 

𝐺33 ≡ 𝑠𝑖𝑛
2𝜃 [𝑒−𝜆 {1 −

𝑟𝜆′

2
+
𝑟𝜈′

2
} − 1] = 0 

(16c) 

or 

𝐺33 ≡ [𝑒
−𝜆 {1 −

𝑟𝜆′

2
+
𝑟𝜈′

2
} − 1] = 0 

 

𝐺44 ≡ [
𝜆′𝜈′

4
−
𝜈′
2

4
−
𝜈′′

2
−
𝜈′

𝑟
] = 0 

 (16d) 

or 

𝐺44 ≡ 𝑒
𝜈−𝜆 [

𝜆′𝜈′

4
−
𝜈′
2

4
−
𝜈′′

2
−
𝜈′

𝑟
] = 0 

 

𝐺34 ≡ −𝜔𝑠𝑖𝑛
2𝜃 [𝑒−𝜆 {1 −

𝑟𝜆′

2
+
𝑟𝜈′

2
} − 1] = 0  

 

(16e) 

or 

𝐺34 ≡ [𝑒
−𝜆 {1 −

𝑟𝜆′

2
+
𝑟𝜈′

2
} − 1] = 0 

 

In Eqns. (16e), the angular velocity ω appears, showing 

the rotation of the star. Eqn. (16e) does not appear in 

Static Schwarzschild equations. This is additional 

equation due to rotation of the star. Solving these 

equations, we get 

 

𝑑𝑠2 = − [1 −
2{𝑚 + (1 𝜔⁄ )}

𝑟
]

−1

𝑑𝑟2 − 𝑟2𝑑𝜃2

− 𝑟2𝑠𝑖𝑛2𝜃 𝑑𝜙2 + 2𝜔𝑟2𝑠𝑖𝑛2𝜃𝑑𝜙𝑑𝑡 

 

+{[1 − 𝑟2𝜔2𝑠𝑖𝑛2𝜃] [1 −
2{𝑚 + (1 𝜔⁄ )}

𝑟
]}𝑑𝑡2 

 

(17) 

 

Note that m and (1 ⁄ 𝜔) both have dimensions of 

length. 

 

 [1 −
2{𝑚 + (1 𝜔⁄ )}

𝑟
] = 0    (18) 

 

represents the singularity of the solution.  

Here 𝑟 =  2 (𝑚 + 1 ⁄ 𝜔) represents event horizon 

distance. It is interesting to note that, here, we get a 

solution for empty universe, when we take 𝑚 = 0. In 

this case the solution is  

 

𝑑𝑠2 = − [1 −
2
𝜔⁄

𝑟
]

−1

𝑑𝑟2 − 𝑟2𝑑𝜃2 − 𝑟2𝑠𝑖𝑛2𝜃𝑑𝜙2

+ 2𝜔𝑟2𝑠𝑖𝑛2𝜃 𝑑𝜙 𝑑𝑡

+ [1 − 𝑟2𝜔2𝑠𝑖𝑛2𝜃] [1 −
2
𝜔⁄

𝑟
]𝑑𝑡2 

(19) 

 

This solution has singularity at a distance given by 𝑟 =
(2/𝜔). This shows that the angular velocity, that is, the 

rotation of the star changes the gravitational field. It 

increases the gravitational field in more amount in anti-

clockwise direction, that is, when 𝜔 > 0; as ω is small, 

rotation’s interaction time with space is large, and it 

increases but in small amount if ω is large, as rotation’s 

interaction time with space is short, and opposite is true 

when  𝜔 < 0.  

Rotation of a star affects the shape and structure of the 

star, depending upon the value of ω. ω is always less 

than the critical rotational velocity. If we take value of 

ω more than star’s critical rotational velocity, star 

breaks down into pieces. ω of a star has its own critical 

velocity 𝜔𝑐 as its upper bound. Work presented here 

may be termed as zero approximate version of Kerr 

solution [2]. 

 

 

ENERGY TENSOR FOR A DIRECTED FLOW 

OF RADIATION 

Following  Vaidya [3-5], Narlikar [6, 7] , [8], [9] [4] by 

the term “directed flow of radiation” it is meant a 

distribution of electro-magnetic energy such that a 

local observer at any point of the region of space under 

consideration finds one and only one direction in which 

the radiant energy is flowing at the point. Using the 

natural co-ordinates at that point of interest, we may 

take the components of energy tensor as being given in 

terms of electric and magnetic field strengths  𝐸⃗⃗  ⃗  and 𝐵⃗   
by the typical example given by [10]. 

 

𝑇0
11 = −

1

2
(𝐸𝑥

2 − 𝐸𝑦
2 − 𝐸𝑧

2 + 𝐻𝑥
2 −𝐻𝑦

2 −𝐻𝑧
2)  (20.a) 

𝑇0
12 = −(𝐸𝑥𝐸𝑦 +𝐻𝑥𝐻𝑦)        (20.b) 

𝑇0
14 = (𝐸𝑦𝐻𝑧 − 𝐸𝑧𝐻𝑦)        (20.c) 

𝑇0
44 = −

1

2
(𝐸𝑥

2 + 𝐸𝑦
2 + 𝐸𝑧

2 + 𝐻𝑥
2 +𝐻𝑦

2 +𝐻𝑧
2)   (20.d) 
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The suffix 0 to a component of a tensor indicates that 

the component is evaluated in natural coordinates at the 

point of interest. Considering for simplicity that the 

axes of our natural coordinates are oriented in such a 

way that the flow of radiation at the point of interest is 

in the X-direction and further that the radiation is 

polarized with the electric vector parallel to the Y-

direction. Therefore, we have, 

 

𝐸𝑥 = 𝐸𝑧 = 𝐻𝑥 = 𝐻𝑦 = 0    and    𝐸𝑦 = 𝐻𝑧   

 (21) 

 

Therefore, the only surviving components of the tensor 

𝑇0
µ𝜈

 would be, 

 

𝑇0
11 = 𝑇0

44 = 𝑇0
14 = 

1

2
(𝐸𝑥

2 + 𝐸𝑦
2) = 𝜌   

 (22) 

 

𝜌 being the density of the radiant energy at the point. 

Having obtained the components of 𝑇0
µ𝜈

 for one system 

of coordinates, we can find them in every other system 

by the rules of tensor transformation. For a general 

coordinate system with a line element 

 

𝑑𝑠2 = 𝑔𝜇𝜈𝑑𝑥
µ𝑑𝑥𝜈      (23) 

 

The Components of 𝑇0
µ𝜈

 will be given by 

 

𝑇µ𝜈 =
𝜕𝑥µ

𝜕𝑥0
𝛼  
𝜕𝑥𝜈

𝜕𝑥0
𝛽  𝑇0

𝛼𝛽
     (24) 

 

Using (22), these yields, 

 

𝑇
µ𝜈
= [

𝜕𝑥µ

𝜕𝑥0
1  
𝜕𝑥𝜈

𝜕𝑥0
1 +

𝜕𝑥µ

𝜕𝑥0
4  
𝜕𝑥𝜈

𝜕𝑥0
4 +

𝜕𝑥µ

𝜕𝑥0
1  
𝜕𝑥𝜈

𝜕𝑥0
4

+
𝜕𝑥µ

𝜕𝑥0
4  
𝜕𝑥𝜈

𝜕𝑥0
1] 𝜌 

(25) 

 

As the radiant energy travels along null-geodesics 

 

𝑑𝑥0
1 = 𝑑𝑥0

4 = 𝑑𝜏      (26) 

 

By (25) and (26), along with radiation flow, we find 

 

𝑔µ𝜈  ԁ𝑥
µ ԁ𝑥𝜈 = 0      (27) 

 

We use (26) in 

 
ԁ𝑥µ

𝑑𝜏
=
𝜕𝑥µ

𝜕𝑥0
𝛼  
𝑑𝑥0

𝛼

𝑑𝜏
 

and find, 

 
ԁ𝑥µ

𝑑𝜏
=

𝜕𝑥µ

𝜕𝑥0
1 +

𝜕𝑥µ

𝜕𝑥0
4      (28) 

 

With the help of (28), (25) reduces to 

 

𝑇µ𝜈 =  𝜌
ԁ𝑥µ

𝑑𝜏
 
ԁ𝑥𝜈

𝑑𝜏
      (30) 

 

with 

𝑔𝜇𝜈
𝑑𝑥𝜇

𝑑𝜏

𝑑𝑥𝜈

𝑑𝜏
= 0      (31) 

 

Thus, for the case of the outside field of radiating star 

the energy tensor is to be taken of the form 

 

𝑇µ𝜈 =  𝜌𝑣µ𝑣𝜈      (32) 

With 

 

𝑣µ𝑣
𝜈 = 0      ;     (𝑣µ)𝜈𝑣

𝜈 = 0   (33) 

 

 

THE FIELD EQUATIONS 

A star of mass M and radius 𝑟0 rotating with a constant 

angular velocity ω, which is less than its critical 

velocity, is supposed to start radiating at time 𝑡0. As the 

star continues to radiate the zone of radiation increases 

in thickness, its outer surface at a later instant 𝑡1 being 

𝑟 = 𝑟1. For 𝑟0 ≤ 𝑟 ≤ 𝑟1, 𝑡0 ≤ 𝑡 ≤ 𝑡1. We are 

considering the following metric, 

 

𝑑𝑠2 = −𝑒𝜆𝑑𝑟2 − 𝑟2𝑑𝜃2 − 𝑟2𝑠𝑖𝑛2𝜃𝑑𝜙2

+ 2𝜔𝑟2𝑠𝑖𝑛2𝜃 𝑑𝜙 𝑑𝑡 + 𝑒𝜈𝑑𝑡2 

(33) 

Where 

 

𝑒𝜆 = [1 −
2(𝑚+(

1

ω
))

𝑟
]

−1

    (33a) 

and 

 

𝑒𝜈 =

{
 
 

 
 

[1 − 𝑟2ω 2𝑠𝑖𝑛2𝜃]

[
 
 
 
 

1 −

2(𝑚 + (
1
ω))

𝑟

]
 
 
 
 

}
 
 

 
 

 

 

(33b) 

 

Here, we have 𝜆 = 𝜆(𝑟, 𝑡) and 𝜈 = 𝜈(𝑟, 𝑡). For the 

nature of radiation, Vaidya has found the energy 

Tensor 𝑇µ𝜈 is of the form 
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𝑇µ𝜈 =  𝜌𝑣µ𝑣𝜈      (34) 

 

so that 𝜌  is the density of radiation and the lines of flow 

are null-geodesic 

 

𝑣µ𝑣
𝜈 = 0     ;      (𝑣µ)𝜈𝑣

𝜈 = 0   (35) 

 

Since (𝑇µ𝜈)𝜈  = 0, we have the analogue of the equation 

of continuity 

 
(𝜌𝑣µ)µ = 0       (36) 

 

As the flow is to be radial, 𝜈2 = 0, 𝜈3 = 0 and  

 

𝑇1
1 =  𝜌𝜐1𝑣

1,  𝑇4
4 =  𝜌𝜐4𝑣

4, 

𝑇1
4 =  𝜌𝜐1𝑣

4 ,  𝑇2
2 = 𝑇3

3 = 0 

(37) 
 

Because 𝜆 = 𝜆(𝑟, 𝑡) and 𝜈 = 𝜈(𝑟, 𝑡) here, the 

additional Γ’s, other than (13), are 
 

𝛤14
1 =

𝜆̇

2
 ,                     𝛤11

3 =
𝜔𝜆

2
, 

     
𝛤 44

3
=
𝜔𝜈′

2
,                𝛤44

4 =
𝜈′

2
  

(38) 
 

Also  𝑣µ𝑣
𝜈 = 0 simplifies to 

  

-𝑒𝜆(𝑣1)2 + 𝑒𝜈(𝑣4)2 = 0     (39) 

 

With the usual expression for the components of  𝑇µ𝜈   
in terms of 𝑔µ𝜈 and their derivatives, (37) gives the 

following three equations 

 

(i)  

 𝑇1
4𝑒

(𝜈−𝜆)
2⁄ + 𝑇4

4 = 0     (40) 

or 

 

𝑒−𝜆 (
𝜆′

𝑟
−

1

𝑟2
) +

1

𝑟2
+
𝜆̇

𝑟
𝑒
−(𝜈+𝜆)

2⁄ = 0  (41) 

 

(ii) 

  𝑇1
1 + 𝑇4

4 = 0      (42) 

or 

 

𝑒−𝜆 (
𝜆′

𝑟
−

𝜈′

𝑟2
−

2

𝑟2
)+

2

𝑟2
= 0     (43) 

 

(iii) 

 𝑇2
2 = 0       (44) 

 

or 
 

−𝑒−𝜆 [
𝜈′′

2
+
𝑣′
2

4
−
𝜆′𝜈′

4
+
𝑣′

2𝑟
−
𝜆′

2𝑟
]

+  𝑒−𝜈 [
𝜆̈

2
+
𝜆̇2

4
−
𝜆𝜈̇̇

4
] = 0 

(45) 

 

Here dash ( ‘ ) denotes the differentiation with respect 

to r and dot (.) that with respect to time. If the total 

energy is to be conserved, the line-element obtained by 

solving above mentioned equations must reduce to the 

line element of the rotating star with mass M given by, 

 

𝑑𝑠2 = −[1 −
2(𝑀 +

1
ω
)

𝑟
] 𝑑𝑟2 − 𝑟2𝑑𝜃2

− 𝑟2𝑠𝑖𝑛2𝜃𝑑𝜙2 + 2𝜔𝑟2𝑠𝑖𝑛2𝜃 𝑑𝜙 𝑑𝑡 
 

+{[1 − 𝑟2ω2𝑠𝑖𝑛2𝜃 ] [1 −
(𝑀 +

1
ω)

𝑟
]}𝑑𝑡2 

(46) 

 

Where M is the constant mass of the star which does 

not depend either on 𝑟 or 𝑡 at 𝑟 =  𝑟0 , 𝑡 =  𝑡0 and for 

𝑟 ≥ 𝑟1 at 𝑡 =  𝑡1. 

 

 

THE SOLUTION OF FIELD EQUATIONS 

On putting 

 

𝑒−𝜆=[1 −
2(𝑚+

1

ω
)

𝑟
]      (47) 

 

or 

𝑒−𝜆 = [1 −
2𝑚̅

𝑟
] 

where 

 

𝑚̅ =(𝑚 +
1

ω
)      (48) 

 

As ω  (the angular velocity is constant) 

  

𝑚̅ =  𝑚̇  and  𝑚̅′ = 𝑚′    (49) 

 

In the field of equation (41), we find that it is equivalent 

to 

  

𝑒
−𝜆

2⁄
𝜕𝑚̅

𝜕𝑟
− 𝑒

−𝜈
2⁄
𝜕𝑚̅

𝜕𝑡
= 0     (50) 
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Using the operator 

 
𝑑

𝑑𝜏
≡ 𝜈1

𝜕

𝜕𝑟
+ 𝜈4

𝜕

𝜕𝑡
      (51) 

 

Which may be expressed as  

 
𝑑𝑚̅

𝑑𝜏
= 0       (52) 

From (51), we can express 𝑒
𝜈
2⁄  in terms of M 

 

𝑒
𝜈
2⁄  = 

𝑚̇

𝑚̅′ [1 −
2𝑚̅

𝑟
]
−
1

2
     (53) 

 

Now we can take the second field equation (43). On 

substitution, the values of 𝜆 and 𝜈  from (48) and (50), 

we find that 

  

(
𝑚′̇

𝑚̇
−
𝑚′′

𝑚′ ) (1 −
2𝑚̅

𝑟
) =

2𝑚̅

𝑟2
    (54) 

 

One can verify that the first integral of the above 

equation is 

  

𝑚′ (1 −
2𝑚̅

𝑟
) = 𝑓(𝑚̅)     (55) 

 

𝑓(𝑚̅) being an arbitrary function of  𝑚̅. Taking (45), 

we shall show that when 𝜆 𝑎𝑛𝑑 𝜈 are given by (48), 

(53), together with (55) the equation (44) is 

automatically satisfied.  

The following is an identity holding between the 

components of the tensor 𝑇µ
𝜈 

 
𝜕

𝜕𝑟
(𝑇1

1) +
𝜕

𝜕𝑡
(𝑇1

4) −
𝜈′

2
(𝑇4

4 − 𝑇1
1) +

2

𝑟
 (𝑇1

1 − 𝑇2
2)

+ 𝑇1
4 (
𝜆̇ + 𝜈̇

2
)  =  0 

(56) 

 

With the help of this identity and two other equations 

(40) and (42), the equation (44) can be transformed into 

 
𝑑

𝑑𝜏
(𝑟2𝑒−𝜆𝑇4

4) = 0      (57) 

 

Thus, the third field equation is satisfied. i.e : 𝑇2
2 = 0, 

provided (57) is satisfied i.e. provided 

 
𝑑

𝑑𝜏
{𝑚′ (1 −

2𝑚̅

𝑟
)} = 0      (58) 

 

i.e provided  
𝑑𝑚̅

𝑑𝜏
 = 0, when we use (51). And the last 

relation is already proved as (52) above. Hence, we 

have solved all the field equations and the final line 

element describing the radiation envelope of a star is 

 

𝑑𝑠2 = −[1 −
2(𝑚 +

1
ω
)

𝑟
]

−1

𝑑𝑟2 − 𝑟2𝑑𝜃2

− 𝑟2𝑠𝑖𝑛2𝜃𝑑𝜙2 + 2𝜔𝑟2𝑠𝑖𝑛2𝜃 𝑑𝜙 𝑑𝑡 

+[1 − 𝑟2ω2𝑠𝑖𝑛2𝜃]
𝑚̇2

𝑓2
[1 −

2 (𝑚 +
1
ω)

𝑟
]𝑑𝑡2 

 

With m’  

 

[1 −
2 (𝑚 +

1
ω
)

𝑟
] = 𝑓 {𝑚 +

1

ω
} 

(59) 

 

𝑚̅ = 𝑚̅ (r, t). For 𝑟0 ≤ 𝑟 ≤ 𝑟1, 𝑡0 ≤ 𝑡 ≤ 𝑡1 .  

The surviving components of the energy tensor are, 

 

−𝑇1
1 = 𝑇4

4 =
𝑚′

4𝜋𝑟2
  ,    𝑇1

4 =
𝑚′2

4𝜋𝑚̇𝑟2
  ,    𝑇4

1 =
−𝑚̇

4𝜋𝑟2
 

 

(60) 

 

With (60), we can even write the line element as 

 

𝑑𝑠2 = − [1 − 2
{𝑚 + (1 𝜔⁄ )}

𝑟
]

−1

𝑑𝑟2 − 𝑟2𝑑𝜃2

− 𝑟2𝑠𝑖𝑛2𝜃𝑑𝜙2 + 2𝜔𝑟2𝑠𝑖𝑛2𝜃𝑑𝜙𝑑𝑡 

+ 

[1 − 𝑟2𝜔2𝑠𝑖𝑛2𝜃]𝑚̇2 [1 − 2
{𝑚 + 1 𝜔⁄ }

𝑟 ] 𝑑𝑡2

[𝑚′ {1 − 2
(𝑚 + 1 𝜔⁄ )

𝑟 }]

2  

(61) 

 

= − [1 − 2
{𝑚 + (1 𝜔⁄ )}

𝑟
]

−1

𝑑𝑟2 − 𝑟2𝑑𝜃2

− 𝑟2𝑠𝑖𝑛2𝜃𝑑𝜙2 + 2𝜔𝑟2𝑠𝑖𝑛2𝜃𝑑𝜙𝑑𝑡 

+[1 − 𝑟2𝜔2𝑠𝑖𝑛2𝜃]
𝑚̇2

𝑚′2
[1 − 2

{𝑚 + (1 𝜔⁄ )}

𝑟
]

−1

𝑑𝑡2 

(62) 
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= − [1 − 2
{𝑚 + (1 𝜔⁄ )}

𝑟
]

−1

𝑑𝑟2 − 𝑟2𝑑𝜃2

− 𝑟2𝑠𝑖𝑛2𝜃𝑑𝜙2 + 2𝜔𝑟2𝑠𝑖𝑛2𝜃𝑑𝜙𝑑𝑡

+ [1 − 𝑟2𝜔2𝑠𝑖𝑛2𝜃]
𝑚̇2

𝑚′2
 𝑒𝜆𝑑𝑡2 

(63) 

where 

 

𝑒𝜆 = [1 − 2
{𝑚 + (1 𝜔⁄ )}

𝑟
]

−1

 

(64) 

or that, 

 

𝑑𝑠2 = −𝑒𝜆𝑑𝑟2 − 𝑟2𝑑𝜃2 − 𝑟2𝑠𝑖𝑛2𝜃𝑑𝜙2

+ 2𝜔𝑟2𝑠𝑖𝑛2𝜃𝑑𝜙𝑑𝑡

+ [1 − 𝑟2ω2𝑠𝑖𝑛2𝜃] (
𝑚̇

𝑚′
)
2

𝑒𝜆𝑑𝑡2 

(66) 

where 

  

𝑒𝜆 = [1 −
2(𝑚 +

1
ω
)

𝑟
]

−1

 

(67) 

 

This is the metric (gravitational field) of a rotating star 

with envelope of radiation. In this appears angular 

velocity ω, as well as the variation of mass m in the 

form of 𝑚̇ and m’ that is with respect to time and along 

the radial vector. This difference in the original mass is 

converted into radiation. At 𝑟 =  𝑟0 , t = 𝑡0 𝑎𝑛𝑑 𝑟 =
 𝑟1 , 𝑡 =  𝑡1, the metric describing the field of the 

rotating star with the angular velocity ω of which the 

mass is constant M.  

In the interval 𝑟0 ≤ 𝑟 ≤ 𝑟1, 𝑡0 ≤ 𝑡 ≤ 𝑡1, the line 

element describes its gravitational field of a radiating 

star in the general theory of relativity. This is 

generalisation of Vaidya’s metric for radiating star to 

the rotating star. It is to be noted that rotation of the star 

does not contribute anything in the process of 

generating radiation.  

Following [5], it is easy to see that m, 𝜈1 𝑎𝑛𝑑 𝑟2𝜌 are 

conserved along the lines of flow, and that 𝑓(𝑚̅) ⋍
𝑚′𝑜𝑟 − 𝑚̇ because m’ ≃ -𝑚̇ showing that 𝑓(𝑚̅) 
measures the luminosity of the star at the Newtonion 

level of approximation. Following [5] it is also verified 

that the principle of conservation of energy holds good. 
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